Introduction
Because absorbed dose distributions in the patient are needed for radiotherapy procedures, and cannot be measured directly, they must be calculated. In order to do this, it is necessary to set up a formalism for the mathematical manipulation of dosimetric data. In this report, such a formalism is referred to as a beam model. The data that must be manipulated are derived from measurements made in a reference medium which is usually water. Various beam models have been proposed and these differ considerably in their requirements of amount and nature of basic data and in the ease with which they can be manipulated. The earliest of these depended on the direct storage of measured data and were thus limited in the number of beams that could be represented. Soon, however, curve fitting procedures were used to decrease the storage requirements while other workers chose semiempirical formulae from considerations of physics but used numerical data derived from specially designed experiments. The subject is developing rapidly and the semi-empirical methods are giving way to calculations based more on sound physical principles. Some basic properties of models in use and the acquisition of the data needed will be discussed in following subsections.
It is useful to define a reference situation. This is a beam, usually defined by a square aperture, directed at right angles to the surface of a reference medium, which is a large water or water-equivalent phantom. Output calibrations can be made to apply to the reference situation and by convention, all calculated doses are expressed relative to the dose at a reference point in the reference situation.
Representation of Photon Beams

Tabular or Matrix Format
The representation in tabular or matrix format generally consists of a one-or two-dimensional array of measured dose values for the reference situation. The most basic example would be a table of depth-dose data. Recommended sources of such data are given in ICRU Report 24 (lCRU, 1976) . The most extensive modern set is Supplement 17 of the British Journal of Radiology (BJR, 1983) .
In the matrix format, the presentation of the distribution of absorbed dose in a plane requires a twodimensional array of numbers. Different types of coordinate systems can be used: 4 (1) Cartesian coordinates (Sterling et al., 1964) are the most straightforward. The choice of the grid spacing is governed by the need for accurate dose representation in regions of steep dose gradients and the number of points required is therefore high (Figure 2 .1).
(2) Polar coordinates (Tsien, 1955) are specially suited for moving beam superpositions but have the disadvantage of increasing point separation using distance from the center (see Figure 5 .9a).
(3) A fan-line system (Cunningham and Milan, 1969; Bentley and Milan, 1971) , in which the grid points are the intersections of rays or fan lines originating from the source center with lines parallel to the surface of the phantom (depths) have been frequently used in small commercial treatment planning systems. The spacing of the lines can be varied across the beam, permitting a more dense sampling in the penumbra. Furthermore, the diverging lines are approximate paths of the primary radiation and this allows for more simple methods for beam modification (Figure 2 .2). ,.. 1. An isodose chart for a 10 X 10 cm beam of 60 Co radiation superimposed on a cartesian grid of points. In this particular example, the spacing between points is 0.5 cm. The dose information on the chart could be represented by a Figure 2 .1 superimposed on a ray line coordinate system. The lines are close together where the dose gradient is steep. For this example, because of symmetry, only 117 n umbers (13 depths X 9 rays) need be used. (Modified from ICRU , 1976.) (4) The decrement line system (Orchard, 1964) , in which the matrix elements are the lateral distance from the central ray corresponding to specific decrement values (cross-beam profile values, normalized at the central ray) determined at a specified series of depths is perhaps the most compact. In this system too, the sampling density, i.e., the density of reference points, is larger in those regions where the dose gradient is higher. The advantages of matrix representation are fast calculation and the ability to cover very special situations. The disadvantages are the large amount of data and the number of different tables of data required. The latter can be reduced, however, by employing appropriate interpolation routines.
A true three-dimensional matrix system would involve prohibitive numbers of data points. In practice, the calculation of dose at an arbitrary point is based on the product of two matrices, one for each of the two orthogonal principal planes of the beam.
Beam Generating Functions
The purpose of beam generating functions is the reduction of the amount of data needed to produce a 2.2 Representation of Photon Beams . .. 5 dose distribution. Such functions are mathematical expressions which facilitate the direct calculation of the relative dose at a point. Many workers have developed such functions independently. The choices involved in developing such functions have sometimes been guided by purely empirical considerations of curve fitting and sometimes by known physical properties of the radiation beams. Despite different methods of derivation, the dose distribution is usually expressed as a product of two functions thus:
where D(x,z) is the relative dose in the central plane of a radiation beam at a point located by coordinates x and z. P(Z,Zref) is the dose at depth Z along the beam axis relative to its value at a reference depth Zref and is, therefore, the percentage depth dose. gz(x) is an offcenter ratio at distance x from the axis of the beam and describes the relative dose distribution along a line at right angles to the beam axis. This is a dose profile or cross-beam dose distribution. The calculations can be extended to three dimensions by assuming gz to be a function of both x and y:
2)
A search for a generating function, therefore, implies a search for a convenient mathematical expression to fit plots of percentage depth doses and crossbeam dose profiles. Efforts along these lines have been numerous and there is extensive literature on the subject. Brief descriptions of some of the equa.tions used to fit depth-dose data are given along with references in Appendix A.I. This subject is also discussed at some length in ICRU Report 24 (ICRU, 1976 ) and by van de Geijn (1972b) , Redpath and Wright (1981b) and Rosenow (1981) . Representative of these efforts, and among the earliest, is the work of Sterling et al. (1964) and Sterling and Perry (1965) , who proposed that the cross-beam profile be represented using the cumulative probability integral as follows:
where cris an empirical quantity and {= x/X is the offaxis distance, x, to a point expressed as a fraction of the half (geometrical) beam width, X, at the same The proposer of a function such as that shown by Eq. 2.3 or those presented in Appendix A.l or A.2 has an obligation to provide clear statements concerning its ability to fit relevant experimental data and the range of parameter variation over which it has been tested.
All functions discussed so far assume that chargedparticle equilibrium exists and that bremsstrahlung production by the electrons is negligible. Under these conditions, the value of the absorbed dose and kerma are essentially the same at any given point.
The Separation of Primary and Scattered Radiation
The method discussed in this section represents a semi-empirical approach that is somewhat different from that of the two previous sections in that the two components of a radiation beam, primary and scattered radiation, are described separately.
The primary radiation is taken to be the radiation incident on the surface of the phantom and includes photons coming directly from the source or target as well as radiation scattered from the collimation system and structures near the source or target. Secondary or scattered radiation results from interactions of the primary radiation with the phantom by means of scattering processes. Primary radiation is dependent on the design and construction of the gamma-ray source or x-ray target and collimation system, etc., while scattered radiation depends on the beam size and shape and composition of the volume of the phantom material that is irradiated. The dose at any point is the sum of the contributions from these two components. The data used in the calculations are empirical in character but this type of representation provides a more valid physical formalism that should be applicable even for irradiation conditions that differ considerably from those under which the data were measured.
The idea of dealing with primary and scattered radiation separately is a very old one and goes back at least to the work of Meredith and Neary (1944), who introduced a quantity they called a scatter function which was derived from percentage depth-dose data. This formalism was also used by Tsien and Cohen (1962) in the computer production of isodose charts for medium-energy x rays. A related formalism was proposed by Schoknecht (1966) . Cunningham (1972) and Johns and Cunningham (1983) proposed that the scatter be described by a quantity they called scatter-air ratio (SAR) which was derived from tissue-air ratios (TAR). It is defined as:
The first term on the right is the tissue-air ratio l at depth z in a circular beam of radius r and the second is the tissue-air ratio at the same depth but for a field of zero area. The latter term is considered to represent the contribution of the primary beam. The difference, S(z,r) , is taken to represent scattered radiation only. The determination of this quantity for high-energy radiation is discussed by Kahn et al. (1980) and Johns and Cunningham (1983) . A similar function, derived from tissue-maximum ratios (TMR) has been proposed by Paul et al. (1983) .
Using these ideas, the percentage dose at point x,y,z may be represented by the sum of two terms:
The first term describes the primary component and this may be related to the dose in air by Dp(x,y,z) 
where DAis the absorbed dose in tissue, free in air at point (O,O,z) , T(z,O) is the zero-area tissue-air ratio for depth z and f(x,y) is a position factor analogous to g(x ,y) but defined in air and describes the effect on the primary beam of flattening filter, source, size, collimators, etc. This factor must be determined for each machine.
The scatter component for an arbitrarily shaped beam may be approximately determined from data derived from circular beams:
( 2.6) where DA is, again, the dose in air and S(z,rj) is the scatter-air ratio for a depth z, in a circular beam of radius rj. The summation is over sectors of circular beams as described by Clarkson (1941) and indicated in Figure 2 .3. The cross-section of the actual beam is covered by a series of sectors of circular beams and rj is the distance from the point of interest to the edge of the beam for sector i and ~.fJ j (radians) is the angular width of sector i. The total scatter is the sum of the contributions from all needed sectors.
A somewhat similar approach, restricted to rectangular fields, has been proposed by Day (1950) . Without separating primary and scattered radiation it is assumed that the dose at any point can be derived from the contribution of four rectangular fields centered at this same point. This procedure is illustrated in Figure 2 .4. Dx y(x,y,z) 
1 1 l' 2 1 Defined as the ratio of the absorbed dose rate at a given point in a phantom to the absorbed dose rate at the same point in space, but in the center of a small amount of phantom material of mass just large enough to provide electronic equilibrium at the point of measurement (lCRU, 1976) . where Dx,Y(x,y,z) is the dose at point x,y,z for a rectangular field of dimensions 2X and 2 Y in the x and y direction respectively, and
In this equation, Dx,Y is considered as being positive or negative, according to the sign of the product (
The method can easily be adapted to the calculation of the scatter component Ds alone (Haywood et at., 1979) . It can also be shown that Day's method is mathematically equivalent to the sector summation method for rectangular fields. These two are examples of methods that can be used to calculate the scatter contribution within a field and outside of it. However, when this formalism is used, it is assumed implicitly that the primary dose is uniform over the field area at the depth of calculation. More sophisticated models, where the scatter from an elementary volume is weighted by the primary radiation impinging on it, have been proven to be more accurate (see, for example, Eq. 2.14). Fig. 2.4 . Illustration of Day's calculational method. To calculate the dose at point P, the field is subdivided into rectangles 1-4. These rectangles are quadrupled and one-quarter of the scatter contributions from these rectangles are added. (From Brown et ai., 1981.) 
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Another procedure, somewhat more empirical, suggested by Wong and Henkelman (1983) and Wong et at. (1984) for general three-dimensional photon dose calculations is the delta-volume method in which the dose is calculated as a sum of primary and scattered radiation but the scatter itself is separated in two components, one using the formalism of first scattered radiation and the second, representing multiple scatter, being a modification of the first. Both scatter components are integrated over the whole volume irradiated. This method has been implemented (Wong et at., 1984) in an experimental way. The method is not practical with commonly available technology but may be so in the near future.
Representations Using Basic Principles
It is possible, from basic radiation principles, to set up an equation that describes the total (primary and scattered) photon-energy fluence. This equation is the Boltzmann integro-differential transport equation which is also discussed in Section 3.2.2. Spencer and Fano (1951) developed a method called the moments method which could be applied to calculations describing the penetration of photons in an infinite absorbing medium for purposes of radiation protection (Goldstein and Wilkins, 1954) . Other solutions have been tried (Fitzgerald et at., 1967) but the essential shortcoming of these attempts at basic descriptions of the transport of photons is that it is mathematically complicated to apply them to finite sized beams impinging on absorbing media having a complicated shape. Thus, they are not of interest for radiotherapy.
A technique that can be applied to any absorbing medium and any radiation beam is the method of random sampling or Monte Carlo technique. This procedure describes the distribution by tracing the histories of a very large number of individual photons as they interact and are scattered and eventually disappear. At each interaction, the laws of radiation physics are used to predict the outcome. A great advantage of the Monte Carlo method is that it can also be applied to any geometry and the secondary particles (electrons in the case of photon radiation) can also be followed (Schoknecht, 1971a; Webb, 1979) . Its disadvantages are the very large amount of computer time and memory that are required and the fact that input crosssection data are not, in general, available. It is not yet practical for radiotherapy except to produce results against which analytically simpler but less exact methods may be compared. Schoknecht (1971b) , Ahnesj6 (1984) , Mackie and Scrimger (1984) , and Boyer and Mok (1985) have shown that it is possible'to calculate the total dose by use of convolution methods in which the photon fluence distributio;n is convolved with a point spread function. This might, for example, be represented by: ',y',z') . hex -x',y -y',z -z')dx'dy'dz ' (2.8) where D(x,y,z) is the dose at a point with coordinates x,y,z in a phantom and h is the kernel or point spread function describing the way that a fluence ct>(x',y',z') at point x',y' ,z', contributes to the dose at another point x,y,z. Here, h may be the contribution of dose due to scattered photons and scattered electrons.
The integral in Eq. 2.8 is a convolution and as such may be evaluated by using Fourier transforms. This has the potential of making the calculations much faster and also allowing the use of powerful evaluation techniques already developed for other purposes, such as imaging.
Photon Beam Modification
Fr~quently, in external beam radiotherapy, mechamcal devices such as trimmers, shielding blocks and filters are added in order to limit the beam or to modify the dose distribution. The beam representation must, therefore, be adapted to account for these devices. This requires the description of the characteristics of the device, and allowance for these characteristics in the beam representation.
The description of the device should be made according to the needs of the beam representation. It could consist of geometrical data (shape of a block, wedge angle, etc.) and/or physical data (material used, attenuation coefficients, transmission measurements, etc.).
All types of beam representation are, in principle, capable of accounting for beam modifying devices. The amount of data required, the system flexibility and the computation time will, however, depend strongly on the representation used: at one extreme, the ~atrix r~presentation can deal with any modifying devIce prOVIded that the complete modified matrices of doses are measured and stored. Clearly, such a solution leads to some inflexibility and puts high demands on storage capacity but has the advantage of straightforward fast computation. At the other extreme the representation based on separation of primary and scattered radiation requires much less additional data but implies longer computation time. Some devices in common use and their effects are described in the following sections.
Beam Limiting Devices
The role played by the main collimator with a symmetrical rectangular opening is already accounted for in the reference situation. When special collimation systems are used (Le., asymmetric, polygonal, trimmer extensions, etc.), the dose distribution cannot be calculated without considering these as secondary shieldng blocks. Methods for allowing for secondary shieldmg blocks, as used for instance in mantle fields are essentially taken from the following. ' 2.3.1.1 Effective Attenuation of Radiation Through a Shield. For a point P(x,y,z) that lies in the ~hadow of the block, the dose is obtained by multiplymg by an appropriate correction factor, tb:
where Do(x,y,z) is the dose at point P without the block, and tb represents the effective transmission through it. tb must be approximately an exponential function, of the thickness of the block, but for practical purposes, it can be taken as constant for a given shield material, thickness, field size and beam energy. If this is done, it should be determined from measurements made at some depth in a phantom for conditions not too different from an average clinical situation. For rectangular blocks, an improvement of the dose representation at the edge of the block is obtained if profiles are used instead of a single coefficient. tb is then a function tb(X,y) of the position of point P in the block shadow.
This method does not account for field size, position of the block and depth of interest and can, therefore, easily lead to large errors unless appropriate modifications of the method are made (van de Geijn, 1972a).
2.3.1.2 Subtraction of Doses for a Shielded Region. A procedure, derived from the subtractive isodose charts method devised by Sundbom (1964) for manual dose calculations can be adapted to computer methods. The idea is to subtract, from the unshielded beam dose distribution, a fraction of the doses that would result from a beam having a field that would coincide with the shadow of the shielding blocks. This can be explained as follows.
Let Do(x,y,z) be the dose, from the unshielded beam at a point which is at depth z and position (x,y) . Let Db (x ' ,y',z) be the dose from a beam with a cross-section and shape the same as that of the block at its position. The coordinates x' ,y' now refer to the axis of the block beam. The dose from the shielded beam at the point will be given by: D(x,y,z) = Do(x,y,z) . C (2.10)
where Db(x' ,y' ,z) Tb
To (2.11) in this expression, tb is the transmission factor for a shield large enough to cover the whole beam. Tb is the tissue-air ratio for the blocked beam and To is the tissue-air ratio for the unblocked beam. This method is also valid for points lying at the edge or even outside of the shielded volume, but strictly speaking, the penumbra used for the block beam should be the one that corresponds to the shield and will be slightly different from the penumbra for the open beam. The subtraction method is general and easy to apply. Its use may be clarified by reference to Figure 2 .5. 2.3.1.3 Separation of Primary and Scattered Radiation. When the method described in Section 2.2.3 is used, Eqs. 2.5 and 2.6 can easily be adapted to allow for the shielding blocks.
The primary component, D p , is calculated from Eq. 2.5 by including in the position factor f(x ,y) a factor which will also represent the influence of the block. In its simplest, but unrealistic form, this factor, h(x,y), has the value 1.0 when the point of interest lies outside of the shadow of the block and is equal to the in air transmission factor, tb, of the block, when the point lies inside. To correctly represent the dose variation at the edge of the shield, h (x,y) must also take into account its geometrical penumbra.
The scatter component, D s , is calculated using Eq. 2.6 and using a description of the beam cross-section where the shielded regions are treated as areas outside of the field.
The computerized version ofthis method (Cunningham et at., 1972) has been shown to give satisfactory accuracy (see Section 9) when compared to direct measurements (Wrede et at., 1979) , although, in some cases, substantial inaccuracies occur for points near the field border (Richter, 1984) . ! -: t?: X ::1:
(Do -~) Fig. 2 .5. The tutal dose at point P in the shadow of a sma ll block can be calculated fr om: (a) the dose from the block beam, Db, corrected for the block transmission, t~" or (b) the diffe rence between the dose for t he open beam, D,» and the dose for t he block beam, Db.
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Different types of filters may be interposed in the beam in order to modify the dose distribution: flattening filters, wedge filters, or individually designed compensators. The problems encountered are similar to those encountered for shielding blocks. The same methods are applicable but if primary and scattered radiation are considered separately, it may be necessary to take into account the variation of the primary beam fluence along the radial length of each sector in the determination of the scattered radiation component.
2.3.2.1 Flattening Filters. If flattening filters are used for high-energy x-ray beams, they are always present in the beam and they are normally taken into account in the basic beam representation. If the beam is over-flattened, the dose, Do, on the axis is lower than the dose at some distance from the axis but on the plane perpendicular to the axis and through the point where the dose is Do. In this case, the dose at a point not on the axis of the beam must be corrected by a factor tr, which is an appropriate function of the radial distance from the axis of the beam:
where D is the dose at point P(x,y,z) , D o is the dose as calculated without the flattening filter , and tr(r) is the flattening filter correction at radial distance, r = ~X 2 + y 2. The tr function should also be a function of depth (van de Geijn, 1972a) .
If primary and scatter contributions are separated, tr(r) must be measured in air and is used to correct only the dose due to primary radiation. In all cases, the influence of this correction (usually small) must be checked carefully, especially in the field corners.
2.3.2.2 Wedge Filters. A wedged beam may be represented most simply by the matrix format. For other models the physical charaderistics of the filters used may be stored in a library. This generally consists of a geometrical description of the filter (angle, on-axis thickness, source-filter distance, etc.) plus an attenuation coefficient for the beam energy. The thickness of the filter at various points may be specified and transmission factors computed as needed to modify the primary radiation, assuming an exponential attenuation. Alternatively, a table of transmission factors for positions across the filter may be supplied directly. Usually the dose, D(x,y,z) , at point P is derived from the dose calculated there without the filter by a simple wedge transmission factor, t w:
D (x ,y ,z) = Do(x,y,z) . t w (x) (2.13) Here, the correction is assumed to be independent of the depth and this is sufficiently accurate as long as the depth is not too large and the filter slope not too steep. tw(x) should be an effective transmission factor determined for an average depth. Additional corrections can be made to account for the difference of scatter across the beam axis as functions of depth and off-axis distance (van de Geijn, 1972a) .
When the scattering volume is divided into longitudinal strips (Bernard and Dutreix, 1972; Schultz et al., 1976; Quast and Glaeser, 1982; Cunningham, 1983) , the contribution of each scattering strip is modulated by the incident primary radiation according to its transmission through the wedge. The total dose at a point such as P, with coordinates x,y,z is, therefore: (2.14) i Dp is the primary contribution at point (x,y,z) (Eqs.
2.5 and 2.6) tw(x) is the in air transmission factor of the wedge at position x Xi is the off-axis position of scattering strip i (which is parallel to the y axis) Zi is the depth of point P relative to strip i DA • {(Xi,y) • tw(Xi) is the dose in tissue, free in air, at the location of scattering strip at (Xi,y) S' (Zi,X -Xi) is the differential scatter-air ratio from strip i at depth Zi and distance (x -Xi) from P. Fig. 2.6 . Diagram depicting the meaning of differential scattering elements used for the calculation of scattered radiation at a point such as P in a rectangular radiation beam. Scattering element centered on point Q is shown shaded and is at a distance Xd from P at a depth d below the surface at the location of this element. The amount of radiation scattered to P from this scattering volume will be proportional to the primary radiation incident on it through the wedge filter (Cunningham, 1983) .
The configuration of the scattering elements is shown in Figure 2 .6.
2.3.2.3 Compensating Filters. Individually designed compensating filters would, if perfect, give the desired dose distribution in the target volume. In reality, true compensation is possible only at one point on each ray and a recomputation of the dose-distribution (for instance with separation of primary and scatter component) is of some interest. Some workers have used computer programs to calculate the required shape and thicknesses of compensators from the ratio between actual and desired dose values at certain points (Hope and Walters, 1964; Quast and Krause, 1978; Schragge and Patterson, 1981) .
Beam Data Acquisition
In Section 2.2, the validity of different types of beam models was discussed. Although a good model is necessary, it is as important to provide adequate beam data for each machine and each type of representation.
Types of Data to be Collected
In all circumstances, the data to be collected are derived from dose measurements. Additionally, some geometrical data such as source diameter, source collimator distance, source axis distance, etc., may be needed.
The following identifies a number of types of measured data that may be used.
2.4.1.1 Normalized Dose Distributions. For some beam representations, dose values normalized to a reference point and sampled on a two-dimensional matrix are used; however, most often, even for matrix beam representations, the depth-dose data (normalized to peak absorbed dose) and the off-axis data (normalized on the axis) are considered separately. This greatly reduces the amount of data required. The depth-dose distributions can be limited to square fields without filters (equivalent square field method and no significant modification with and without filter) and the cross-beam distributions can be considered to be independent of field length (Milan and Bentley, 1974) .
When off-axis ratios are required, they must be supplied at given depths. Sometimes, a single reference depth is required, provided that the program is able to derive the profiles at other depths (van de Geijn, 1970) . In a similar way, wedge filter or shielding block data may consist of off-axis ratios measured in air or at one or several depths. Sometimes, instead, the ratio of the dose with and without the beam modifier must be supplied.
2.4.1.2 Derived Dosimetric Quantities. For calculation purposes, dosimetric quantities such as Tis-sue-Air-Ratio (TAR), Tissue-Phantom-Ratio (TPR), Scatter-Air-Ratio (SAR), and Scatter-Phanton-Ratio (SPR), have been introduced. Some of these quantities can be measured directly (i.e., TAR, TPR); others must be derived (i.e., SAR). In all cases, the exact definition of the quantity needed should be made clear [i.e., T(z,r) = T(z,O) + S(z,r) ]. It is important to ensure that they are derived from the same set of measurements.
2.4.1.3 Derived Mathematical Coefficients. A number of beam representations (see Appendix A.l and 2) require a choice of coefficients and this choice depends on the characteristics of the machine. However, methods for deriving these coefficients from actual measurements are seldom made explicit. Therefore, adjustment is generally carried out by successive trials to make the calculated dose distribution agree with the measured one by successive choices of coefficients. This procedure may be extremely tedious, especially if there are a large number of coefficients and there is no satisfactory algorithm to perform the task.
Validity of the Data
A discussion of methods for dose measurement is beyond the scope of this report [the reader is referred 2.4 Beam Data Acquisition . . • 11 to ICRU Report 23 (ICRU, 1973) ], but it must be stated that great caution is required in the interpretation of the dose measurements because of the many possible sources of error (detector size, detector response, machine stability, etc.). It is obvious that the ability of a program to compute the dose distribution accurately will depend on the validity of the measured data used. Particular attention must be given to the intervals and the range of the data supplied since interpolations and, more seriously, extrapolations performed in the dose computation program can lead to significant errors.
Often when a dose computation program is described, the procedures for collecting the beam data or deriving the proper values for coefficients are not explicitly described. A detailed protocol should always exist stating clearly what measurements and subsequent derivations must be performed. Because of the difficulty in deriving mathematical coefficients from measurements, the authors of programs or manufacturers of systems frequently recommend typical values. Before accepting them, a user must check that they are appropriate for the machine actually used. The same recommendation will apply to any data set even though the set is said to be applicable to a given type of machine.
